Abstract: In this paper, we discuss the construction of integrable BCS models in the framework of the quantum inverse scattering method. Specifically, the reduced BCS model, which is based on the su(2) algebra, a model of two coupled BCS systems, based on the su(4) algebra and an extended pairing model associated to the u(2|2) symmetry are presented.
Introduction
The Bethe ansatz method is one of the most powerful techniques for treating one dimensional quantum systems. It was first introduced by Bethe in 1931 to solve the isotropic Heisenberg model [1] and was subsequently applied to several other models. The approach was developed further by Baxter, who solved the XYZ-Heisenberg model [2] , receiving also important contributions from Yang [3] , Lieb and Wu [4] , among others. The field received a great impulse with its algebraic formulation proposed by Faddeev, Takhtajan and Sklyanin [5] , providing an unified framework for treating integrable systems. In this context, it is important to mention that Bethe ansatz methods received also considerable interest from the condensed matter community due to its application in the exact solution of some strongly correlated electron systems, such as the Hubbard [6, 7] and the supersymmetric t-J models [8, 9] . These methods, besides of providing the exact solution of the systems, allow for the computation of relevant physical quantities.
Recently, the study of exact solutions has attracted renewed interest due to its application in the theory of metallic ultra-small grains. In particular, recent experiments of single-electron tunneling spectroscopy on ultra-small AL grains performed by Ralph, Black and Tinkham [10] have shown that it is not valid to apply the BCS mean field theory for unesp2002
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Pauli-blocks the scattering of other pairs into its own singly-occupied level. It is remarkable that the spectrum of the model reveals parity effect. In an even-N grain, all excited states involve at least one broken Cooper pair, hence lie a gap ∆E above the fully-paired BCS ground state. In an odd-N grain all states have at least one unpaired electron, hence no significant gap exists between ground-and excited-states. Let us review now how this model can be constructed from the algebraic Bethe ansatz method. It is shown that the Hamiltonian (2.1) can be obtained from the su(2) spin model via a realization
Above b j (a), b + j (a) are annihilation and creation operators for the hard-core bosons with the commutation relations
In order to built up a mechanism to construct an integrable pairing model, let us first recall the quantum R-matrix associated with the Lie algebra su(2), which acts in the tensor product of two 2-dimensional spaces V ⊗ V and can be written as
Above λ is the usual spectral parameter, P is the permutation operator with matrix elements P αβ,γδ = δ αδ δ βγ , α, β, γ, δ = 1, 2 and η is the quasiclassical limit parameter; i.e.
It is known that this R-matrix satisfies the Yang-Baxter equation (YBE)
The R-matrix may be viewed as the structural constants for the Yang-Baxter algebra generated by the monodromy matrix T (λ), namely,
Consequently, the R-matrix (2.4) allows us to construct a realization of the monodromy matrix through
Here the subscript 0 denotes the auxiliary space and G satisfying
is a class of c-valued solutions of the YBE (2.5). As a consequence of the Yang-Baxter algebra (2.6), the transfer matrices t(λ) = tr 0 T(λ) mutually commute for different values unesp2002
Workshop on Integrable Theories, Solitons and Duality Xi-Wen Guan of the spectral parameter λ. This transfer matrix is the starting point in the construction of a su(2)-type Gaudin Hamiltonian, from which we can obtain the su(2) pairing Hamiltonian, as will be shown below. For this purpose we make the following identification for the basis states
and choose the G-matrix to be given by G 0 = exp( η gΩN 0 ) to construct the transfer matrix t(λ). It can be verified that
(2.9)
Above tr 0 P 0j = 1. Next, taking the quasiclassical limit, we find
here r j,k (λ) =
where
Here E αβ = |α β|, α, β = 1, 2 are the Hubbard operators. An immediate consequence from the Yang-Baxter algebra (2.6) is that [τ j , τ k ] = 0. Any Hamiltonian which is defined in terms of the mutually commuting set of operators {τ j ,N j } will necessarily be integrable where the operators in (3.11) represent the constants of the motion. Explicitly,
(2.14)
By employing the algebraic Bethe ansatz, the energy for the Hamiltonian (2.1) is given by 
Although complicated to solve it in general (see [31] for a numerical analysis), an asymptotic investigation of its solution can be performed. In the limit g → 0 we can easily determine the ground state energy of (2.15) [30] ; it is given by filling the Fermi sea. Below we will assume that the number of fermions is even. Thus for small g > 0 it is appropriate to consider the asymptotic solution
Substituting this into (2.16) and equating the different orders in g gives us the asymptotic ground state energy
Next we look at the first excited state. In the g = 0 case this corresponds to breaking the Cooper pair at level M and putting single unpaired electrons in the levels M and M +1 . Now these two levels become blocked. To solve the equations (2.16) for this excited state is the same as for the ground state except that there are now (M − 1) Cooper pairs and we have to exclude the blocked levels. We can therefore write down the energy
The gap is found to be
Observe that even though g is assumed to be small, it may still be relatively larger than the level spacing of the single particle energies, which shows that the pairing interaction can still produce a gap in the asymptotic limit. Other important quantities, such as the correlation functions for zero temperature and the off-diagonal long range order parameter, can be computed in the asymptotic regime (see [16, 30] for details). Having derived the reduced BCS model from an R-matrix associated with the su(2) algebra, it would be natural to investigate generalized BCS models constructed from R-matrices associated with Lie algebras. This is the content of the next section, where an integrable pairing model for two coupled BCS systems based on the su(4) algebra is constructed.
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The two coupled BCS systems
Now let us consider the following Hamiltonian [29] 
Above the operators b j (a), b + j (a) are the annihilation and creation operators for the hardcore bosons (or Cooper pairs) in system a, and j refers to the single particle energy level with energy j . We will assume that the values j are distinct. Further, g is a coupling strength constant for the scattering of Cooper pairs and n j (a) = b
, is the Cooper pair number operator. As in the case of the usual BCS system there is a blocking effect (e.g. see [15] ), as there is no scattering of any unpaired states. For each level j there are actually sixteen local states, but the nature of the Hamiltonian means that only on a subspace spanned by four of these states, where there are no unpaired states, is the scattering non-trivial (see (3.4) below). Hereafter we will restrict our analysis to this subspace.
On this restricted subspace the operators b 
We can see from the Hamiltonian expression that the exchange interaction of Cooper pairs in one system depends on the number of Cooper pairs in the other system. For example, if in system (1), the level j is empty and the level k is occupied by one Cooper pair, just for certain configurations of system (2) it is possible that this Cooper pair in (1) scatters from level k to j. This means that the Hamiltonian (3.1) presents naturally some "selection rules" for the scattering of states. We illustrate these configurations to indicate the possible unesp2002
In addition, the double-pair scattering terms of the form
are also present. What the above indicates is that besides the number of Cooper pairs being conserved in each system, the number of double pairs (to be more precise, the number of energy levels which are completely filled) is also conserved. This can be seen in each of the scattering processes depicted graphically above. In each case the scattering does not overall change the number of completely filled levels. There are further symmetries in the Hamiltonian. For example, there is a reflection symmetry which interchanges the labels 1 and 2 for the two BCS systems. This arises as a result of a global so(3) ⊕ u(1) symmetry that the model possesses, which will be made more clear later. In that which follows we shall first discuss the integrability of the Hamiltonian (3.1) in the context of the QISM. Performing an analogous procedure as in the case before and taking into account that now we have the quantum R-matrix associated with the Lie algebra su(4), which acts in the tensor product of two 4-dimensional spaces V ⊗ V and can be written as
from which we can obtain the su(4) pairing Hamiltonian. For this purpose we make the following identification for the basis states 4) and choose the G-matrix to be given by
Ωg ) 0 0 0 0 10 0 0 01
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In addition, as a result of the so(3) ⊕ u(1) symmetry mentioned earlier, it can be shown that there are extra conserved operators K and χ such that
Above, K is the Casimir operator of an so(3) subalgebra acting on the Ω-fold tensor product
where (L 0 , L + , L − ) are the basis elements of this canonical so(3) subalgebra
The u(1) operator χ explicitly reads
Any Hamiltonian which is defined in terms of the mutually commuting set of operators
will necessarily be integrable where the operators in (3.11) represent the constants of the motion. By making the following choice
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Besides proving the integrability of the model, we can also obtain its exact solution from the algebraic Bethe ansatz for the standard su(4) vertex model constructed from the R-matrix (3.3). The eigenvalues of the integrals of motion τ j (3.7) can be obtained from the expansion of the eigenvalue of the transfer matrix in the parameter η. Explicitly, the eigenvalues of τ j are given by 13) where the parameters satisfy the following equations
14)
We will also need the eigenvalues of the operators K and χ. Through use of (3.9, 3.10, 3.15) we find that χ has eigenvalue M while the eigenvalues of K are
Defining N (a) = Ω j=1 n j (a), the quantum numbers N, M and Q are given by
we can present from the relation (3.12) the eigenvalue of the Hamiltonian (3.1) as
Let us make some small remarks about the degeneracies of the spectrum. Though the eigenstates of the Hamiltonian have not been made explicit here, it can be deduced by the standard arguments (e.g. [26] ) that each is a highest weight state with respect to the so(3) symmetry algebra (3.9). In particular, the highest weight which is given by the eigenvalue unesp2002
Workshop on Integrable Theories, Solitons and Duality Xi-Wen Guan of the operator L 0 is M − 2Q, so we can conclude that the multiplet generated by (3.9) acting on this highest weight state has dimension M −2Q+1. Therefore for each solution of (3.14) with given N, M and Q, the corresponding energy level has degeneracy M − 2Q + 1. Since the Bethe ansatz equations take the form of coupled non-liner equations, it is very difficult to find analytical solutions. It is however possibly to conduct an asyptoic analysis for small value of the coupling parameters g, as previous model. An asyptotic analysis of the ground state, elementary excitations and the gap can be found in [29] .
An extended BCS model
The mechanism we presented above can be generalized to construct BCS pairing models associated with the Lie superalgebras. Let us consider a Hamiltonian associated with the Lie superalgebra u(2|2), which reads Similarly to the previous sections, besides proving the integrability of the model (4.1), we can also obtained its exact solution from the R-matrix associated with the u(2|2) superalgebra [27] . We adopt the notation used in the paper [27] , i.e. the N e , N − and N + are the total number of unpaired electrons and the number of the unpaired electrons with spin − and +, respectively. The number of local electron pairs and the number of holes are denoted by N l and N h , respectively. N b = N l + N h denote the total number of bosons. The eigenvalue of the Hamiltonian (4.1) can be obtained as
where the parameters λ, λ (1) and λ (2) satisfy the following equations In principle, the Bethe ansatz results presented above can provide the exact solution for the ground state and all possible excitations. Nevertheless, the solutions of the Bethe equations are extremely complicated in the case g = 0. However, if we consider |g| very small (g < 0, corresponding to the attraction interaction between the paired electrons), these equations can be analysed in an asymptotic way. These results will be considered elsewhere.
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Conclusion
To summarize, we have presented the construction of the integrable BCS pairing Hamiltonians based on the su(2), su(4) Lie algebras. The first model corresponds to the standard reduced BCs Hamiltonian, while the second can be interpreted as describing two coupled BCS systems of different types, such as for protons and neutrons in a nuclear system. The Bethe ansatz equations and the energies for the models have been calculated. In addition, we have presented an extended BCS model of pairing correlations based on Lie superalgebra u(2|2), which has the important property of describing also the scattering of single electrons besides of having the Cooper pair scattering. It is possible to extend this procedure to construct supersymmetric BCS models based on the gl(m|n)-Gaudin models [28] . The exact calculations of the form factors and correlation functions is also an open problem.
